Complete scalar-flat K\"{a}hler metrics on affine algebraic manifolds by Aoi, Takahiro
ar
X
iv
:1
91
0.
12
31
7v
2 
 [m
ath
.D
G]
  1
 Ju
l 2
02
0
Complete scalar-flat Ka¨hler metrics on affine algebraic
manifolds
Takahiro Aoi
Abstract
Let (X,LX) be an n-dimensional polarized manifold. Let D be a smooth hyper-
surface defined by a holomorphic section of LX . We prove that if D has a constant
positive scalar curvature Ka¨hler metric, X \D admits a complete scalar-flat Ka¨hler
metric, under the following three conditions: (i) n ≥ 6 and there is no nonzero
holomorphic vector field on X vanishing on D, (ii) an average of a scalar curvature
on D denoted by SˆD satisfies the inequality 0 < 3SˆD < n(n − 1), (iii) there are
positive integers l(> n),m such that the line bundle K−lX ⊗ LmX is very ample and
the ratio m/l is sufficiently small.
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1 Introduction
The existence of constant scalar curvature Ka¨hler (cscK) metrics on complex manifolds is a
fundamental problem in Ka¨hler geometry. If a complex manifold is noncompact, there are
many positive results in this problem. In 1979, Calabi [6] showed that if a Fano manifold
has a Ka¨hler Einstein metric, then there is a complete Ricci-flat Ka¨hler metric on the
total space of the canonical line bundle. In addition, there exist following generalizations.
In 1990, Bando-Kobayashi [5] showed that if a Fano manifold admits an anti-canonical
smooth divisor which has a Ricci-positive Ka¨hler Einstein metric, then there exists a
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complete Ricci-flat Ka¨hler metric on the complement. In 1991, Tian-Yau [12] showed if
a Fano manifold admits an anti-canonical smooth divisor which has a Ricci-flat Ka¨hler
metric, then there is a complete Ricci-flat Ka¨hler metric on the complement. In 2002,
on the other hand, as a scalar curvature version of Calabi’s result [6], Hwang-Singer [8]
showed that if a polarized manifold has a nonnegative cscK metric, then the total space
of the dual line bundle admits a complete scalar-flat Ka¨hler metric. However, a similar
generalization of Hwang-Singer [8] like Bando-Kobayashi [5] and Tian-Yau [12] is unknown
since it is hard to solve a forth order nonlinear partial differential equation.
In this paper, assuming the existence of a smooth hypersurface which admits a con-
stant positive scalar curvature Ka¨hler metric, we will prove the existence of a complete
scalar-flat Ka¨hler metric on the complement of this hypersurface by using the results in
[1] and [2]. Our proof goes roughly as follows.
Step 1. We show that if the smooth hypersurface has a cscK metric, there is a complete
Ka¨hler metric whose scalar curvature decays at a higher order.
Step 2. We show that the existence of a complete Ka¨hler metric whose scalar curvature
is sufficiently small implies the existence of a complete scalar-flat Ka¨hler metric.
Step 3. We construct a complete Ka¨hler metric on the complement of the smooth hyper-
surface, whose scalar curvature is arbitrarily small.
Step 4. Finally, we show the existence of a complete scalar-flat Ka¨hler metric by solving
the forth order nonlinear partial differential equation.
Now we describe our strategy which contains the results in the previous papers [1]
and [2] more precisely. Let (X,LX) be a polarized manifold of dimension n, i.e., X is an
n-dimensional compact complex manifold and LX is an ample line bundle over X . Assume
that there is a smooth hypersurface D ⊂ X with
D ∈ |LX |.
Set an ample line bundle LD := O(D)|D = LX |D over D. Since LX is ample, there exists
a Hermitian metric hX on LX which defines a Ka¨hler metric θX on X , i.e., the curvature
form of hX multiplied by
√−1 is positive definite. Then, the restriction of hX to LD
defines also a Ka¨hler metric θD on D. Let SˆD be the average of the scalar curvature S(θD)
of θD defined by
SˆD :=
∫
D
S(θD)θ
n−1
D∫
D
θn−1D
=
(n− 1)c1(K−1D ) ∪ c1(LD)n−2
c1(LD)n−1
,
where K−1D is the anti-canonical line bundle of D. Note that SˆD is a topological invariant
in the sense that it is representable in terms of Chern classes of the line bundles K−1D and
LD. In this paper, we treat the following case :
SˆD > 0. (1.1)
Let σD ∈ H0(X,LX) be a defining section of D and set t := log ||σD||−2hX . Following [5],
we can define a complete Ka¨hler metric ω0 by
ω0 :=
n(n− 1)
SˆD
√−1∂∂ exp
(
SˆD
n(n− 1)t
)
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on the noncompact complex manifold X \D. In addition, since (X \D,ω0) is of asymp-
totically conical geometry (see [5] or Section 4 of [1]), we can define weighted Banach
spaces Ck,αδ = C
k,α
δ (X \D) for k ∈ Z≥0, α ∈ (0, 1) and with a weight δ ∈ R with respect
to the distance function r defined by ω0 from some fixed point in X \D. It follows from
the construction of ω0 that S(ω0) = O(r
−2) near D.
Step 1. The cscK condition implies the following stronger decay property (see [1]).
Theorem 1.1. If θD is a constant positive scalar curvature Ka¨hler metric on D, i.e.,
S(θD) = SˆD > 0, we have
S(ω0) = O(r
−2−2n(n−1)/SˆD)
as r →∞.
Thus, the cscK condition implies that S(ω0) ∈ Ck,αδ for some δ > 2 and any k, α.
Step 2. To construct a complete scalar-flat Ka¨hler metric on X \D, the linearization
of the scalar curvature operator plays an important role :
Lω0 = −D∗ω0Dω0 + (∇1,0∗,∇0,1S(ω0))ω0 .
Here, Dω0 = ∂◦∇1,0. We will show that if 4 < δ < 2n and there is no nonzero holomorphic
vector field on X which vanishes on D, then D∗ω0Dω0 : C4,αδ−4 → C0,αδ is isomorphic. For
such operators, we consider the following :
Condition 1.2. Assume that n ≥ 3 and there is no nonzero holomorphic vector field on
X which vanishes on D. For 4 < δ < 2n, the operator
Lω0 : C
4,α
δ−4 → C0,αδ
is isomorphic, i.e., we can find a constant Kˆ > 0 such that
||Lω0φ||C0,α
δ
≥ Kˆ||φ||C4,α
δ−4
for any φ ∈ C4,αδ−4.
In addition, we consider
Condition 1.3.
||S(ω0)||C0,α
δ
< c0Kˆ/2.
Here, the constant c0 is defined Lemma 6.2 in [1]. Under these conditions, we have the
following result (see [1]) :
Theorem 1.4. Assume that n ≥ 3 and there is no nonzero holomorphic vector field on
X which vanishes on D. Assume that θD is a constant scalar curvature Ka¨hler metric
satisfying
0 < SˆD < n(n− 1).
Assume moreover that Condition 1.2 and Condition 1.3 hold, then X\D admits a complete
scalar-flat Ka¨hler metric.
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In fact, we can show the existence of a complete scalar-flat Ka¨hler metric on X \ D
under the following assumptions : (i) n ≥ 3 and there is no nonzero holomorphic vector
field on X which vanishes on D, (ii) there exists a complete Ka¨hler metric on X \D which
is of asymptotically conical geometry, such that its scalar curvature is sufficiently small
and decays at a higher order. So, if there exists a complete Ka¨hler metric on X \D which
is sufficiently close to ω0 at infinity, satisfying Condition 1.2 and Condition 1.3, we can
show the existence of a complete scalar-flat Ka¨hler metric on X \D.
Theorem 1.4 is proved by the fixed point theorem on the weighted Banach space
C4,αδ−4(X \D) by following Arezzo-Pacard [3], [4] (see also [11]). In general, constants c0, Kˆ
which arise in Condition 1.2 and Condition 1.3 depend on the background Ka¨hler metric
ω0. In addition, to construct such a Ka¨hler metric, we have to find a complete Ka¨hler
metric X \D whose scalar curvature is arbitrarily small.
Step 3. We consider a degenerate (meromorphic) complex Monge-Ampe`re equation.
Take positive integers l > n and m such that the line bundle K−lX ⊗ LmX is very ample.
Let F ∈ |K−lX ⊗ LmX | be a smooth hypersurface defined by a holomorphic section σF ∈
H0(X,K−lX ⊗ LmX) such that the divisor D + F is simple normal crossing. For a defining
section σD ∈ H0(X,LX) of D, set
ξ := σF ⊗ σ−mD .
From the result due to Yau [13, Theorem 7], we can solve the following degenerate complex
Monge-Ampe`re equation:
(θX +
√−1∂∂ϕ)n = ξ−1/l ∧ ξ−1/l.
Moreover, it follows from a priori estimate due to Ko lodziej [9] that the solution ϕ is
bounded on X . Thus, we can glue plurisubharmonic functions by using the regularized
maximum function. To compute the scalar curvature of the glued Ka¨hler metric, we need
to study behaviors of higher order derivatives of the solution ϕ. So, we give explicit
estimates of them near the intersection D ∩ F (see [2]) :
Theorem 1.5. Let (zi)ni=1 = (z
1, z2, ..., zn−2, wF , wD) be local holomorphic coordinates
such that {wF = 0} = F and {wD = 0} = D. Then, there exists a positive integer a(n)
depending only on the dimension n such that
∣∣∣∣ ∂2∂zi∂zj ∂αϕ
∣∣∣∣ = O (|wD|−2a(n)m/l|wF |−2a(n)/l) ,∣∣∣∣∣ ∂
4
∂w2F∂w
2
F
ϕ
∣∣∣∣∣ = O (|wD|−2a(n)m/l|wF |−2−2a(n)/l) ,∣∣∣∣∣ ∂
4
∂w2D∂w
2
D
ϕ
∣∣∣∣∣ = O (|wD|−2−2a(n)m/l|wF |−2a(n)/l) ,
as |wF |, |wD| → 0, for any 1 ≤ i, j ≤ n − 2 and multi-index α = (α1, ..., αn) with
0 ≤∑i αi ≤ 2.
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By applying Theorem 1.5 and gluing plurisubharmonic functions, we have the following
result (see [2]) :
Theorem 1.6. Assume that there exist positive integers l > n and m such that
a(n)m
2l
<
SˆD
n(n− 1) (1.2)
and the line bundle K−lX ⊗LmX is very ample. Here, a(n) is the positive integer in Theorem
1.5. Take a smooth hypersuface F ∈ |K−lX ⊗LmX | such that D+F is simple normal crossing.
Then, for any relatively compact domain Y ⊂⊂ X\(D∪F ), there exists a complete Ka¨hler
metric ωF on X \D whose scalar curvature S(ωF ) = 0 on Y and is arbitrarily small on
the complement of Y . In addition, ωF = ω0 on some neighborhood of D \ (D ∩ F ).
For example, if the anti-canonical line bundle K−1X of the compact complex manifold
X is nef (in particular, X is Fano), the assumption (1.2) in Theorem 1.6 holds, i.e., we can
always find such integers l, m. In this paper, we treat the case that K−1X has positivity in
the senses of (1.1) and (1.2). From Theorem 1.4, if there exists a complete Ka¨hler metric
which is of asymptotically conical geometry and satisfies Condition 1.2 and Condition
1.3, X \ D admits a complete scalar-flat Ka¨hler metric. In fact, Theorem 1.6 gives a
Ka¨hler metric whose scalar curvature is under control. However, the Ka¨hler metric ωF in
Theorem 1.6 is not of asymptotically conical geometry (near the intersection of D and
F ). So, when we replace the complete Ka¨hler metric ω0 with ωF obtained in Theorem 1.6,
we can not apply Theorem 1.4 to a construction of a complete scalar-flat Ka¨hler metric.
To solve this problem, we consider an average on some closed subset in |K−lX ⊗Lm+βX |.
Then, the asymptotically conicalness is recovered and we obtain the first result in this
paper :
Theorem 1.7. Assume that there are positive integers l > n and m such that the line
bundle K−lX ⊗ LmX is very ample and
a(n)m
2l
<
SˆD
n(n− 1) .
Then, there exists a complete Ka¨hler metric ω on X \D satisfies following properties:
• ω is equivalent to ω0, i.e., there is a constant C > 0 such that
C−1ω0 < ω < Cω0.
Moreover, the Ka¨hler metric ω is of asymptotically conical geometry.
• Assume that n ≥ 4. If θD is cscK and 0 < SˆD < n(n − 1), the Ck,α-norm of the
scalar curvature S(ω) of weight δ ∈ (4,min{2n, 2 + 2n(n − 1)/SˆD}) can be made
arbitrarily small.
Thus, we obtain the Ka¨hler metric ω which is of asymptotically conical geometry. In
addition, the scalar curvature of ω is arbitrarily small in the sense of the weight norm.
Step 4. Finally, by applying the similar argument in the proof of Theorem 1.4 to the
Ka¨hler metric ω obtained in Theorem 1.7, we obtain our main result in this paper :
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Theorem 1.8. Assume following conditions:
• n ≥ 6 and there is no nonzero holomorphic vector field on X which vanishes on D.
• The following inequality holds:
0 < 3SˆD < n(n− 1).
• There are positive integers l > n and m such that the line bundle K−lX ⊗ LmX is very
ample and
a(n)m
2l
<
SˆD
n(n− 1) .
Then, if D admits a cscK metric θD, X \D admits a complete scalar-flat Ka¨hler metric.
In other word, we can solve the following forth order nonlinear partial differential
equation:
S(ω +
√−1∂∂φ) = 0, ω +√−1∂∂φ > 0, φ ∈ C4,αδ−4
for a weight 8 < δ < min{2n, 2 + 2n(n− 1)/SˆD}. The reason why we assume that n ≥ 6
and 0 < 3SˆD < n(n − 1) in Theorem 1.8 is that we need the isomorphic Laplacian ∆ω
between higher order weighted Banach spaces.
This paper is organized as follows. In Section 2, we will prove Theorem 1.7. Namely,
we recover the asymptotically conicalness by constructing an average metric. In Section 3,
we prove Theorem 1.8, i.e., we show the existence of a complete scalar-flat Ka¨hler metric.
Acknowledgment. The author would like to thank Professor Ryoichi Kobayashi who
first brought the problem in this paper to his attention, for many helpful comments.
2 Proof of Theorem 1.7
In this section, we prove Theorem 1.7. We construct the complete Ka¨hler metric ωF =
ωc,v,η whose scalar curvature is arbitrarily small on X \ D in [2]. So, see the definitions
of the parameters c, v, η, κ and the functions Θ(t), Gβv (βb), G˜
β
v (b) in Section 2 of [2]. For
β ∈ Z>0, take a holomorphic section σ0 ∈ H0(K−lX ⊗Lm+βX ). We may assume that D+F0
is simple normal crossing, where F0 is a smooth hypersurface defined by σ0. Let (σi)i ⊂
H0(K−lX ⊗ Lm+βX ) be an orthonormal basis with respect to the L2 inner product. Take a
sufficiently small number τ ∈ R. Write h(l, m, β) := dimH0(K−lX ⊗Lm+βX ). For s = (si)i ∈
Dh(l,m,β) := {z = (zi) ∈ Ch(l,m,β)||zi| ≤ 1}, define a meromorphic section of the line bundle
K−lX ⊗ LmX by
σs := (σ0 + τ
h(l,m,β)∑
i=1
siσi)⊗ σ−βD .
Note that by taking a sufficiently small τ , we may assume that σs 6= 0 for any s ∈ Dh(l,m,β).
In addition,σs → σ0⊗σ−βD for any s ∈ Dh(l,m,β) as τ → 0. Let Fs be a smooth hypersurface
defined by divσs = Fs−βD. Since σ0 contained in σs is not multiplied by τ , the variation
of τ affects the choice of Fs if τ 6= 0.
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By applying Theorem 1.6, we obtain a complete Ka¨hler metric ωFs with small scalar
curvature for a meromorphic section σs ⊗ σ−mD of K−lX (see [2]). In fact, for a smooth
function on X \ (D ∪ Fs) defined by bs := log ||σs||−2, we can obtain a Ka¨hler metric√−1∂∂Gβv (βbs) on X . Directly, we have
√−1∂∂Gβv (βbs) =
(
1
e−βbs + v
)1/β (
β
√−1∂∂bs + e
−βbs
e−βbs + v
√−1∂bs ∧ ∂bs
)
.
This metric does not grow near D. When we glued plurisubharmonic functions in [2], we
considered the Ka¨hler potential κΘ(t)+Gβv (βbs). In addition, limbs→−∞
√−1∂∂Gβv (βbs) >
−∞. So, we can construct a complete Ka¨hler metric ωFs with small scalar curvature by
using the regularized maximumMη (see [7] or [2]) to glue three plurisubharmonic functions
Θ(t), G˜βv (b), t+ ϕ+ c.
(X\D,ωFs) is not of asymptotically conical geometry for any s ∈ Dh(l,m,β) (see Remark
4.2 in [2]). To solve this problem, consider an average metric ω defined by
ω = ω(c, v, η, τ) :=
∫
Dh(l,m,β)
ωFsdµ(s).
Here, µ is the Lebesgue probability measure on Dh(l,m,β) and c, v, η are parameters in
the definition of ωF in Theorem 1.6 (see [2]). Recall that η = (η1, η2, η3) and η1, η2 =
O(c), η3 = O(1). To prove that (X \ D,ω) is of asymptotically conical geometry, it is
enough to prove the following lemma:
Lemma 2.1. For the Ka¨hler metric ω defined above, we have
ω − ω0 = O(||σD||2β)
as σD → 0.
Proof. The region where (X \D,ωFs) is not of asymptotically conical geometry is defined
by
|Θ(t)− G˜βv (bs)| < η1 + η2 (2.1)
(see [2]). For sufficiently large bs > 0, we have v
−1/ββbs ≈ Gβv (βbs). Here, bs := log ||σs||−2.
From the following inequality
v−1/ββbs ≈ Gβv (βbs) > (1− κ)Θ(t)− η1 − η2
obtained by (2.1), we have
||σs||2 < exp
(
−(v1/β/β)((1− κ)||σD||−2SˆD/n(n−1) − η1 − η2)
)
.
Take a point p ∈ X \D near D. Assume that σs˜(p) = 0 for s˜ ∈ Dh(l,m,β). Then, an element
s ∈ Dh(l,m,β) satisfying the inequality above has to satisfy
||τ
h(l,m,β)∑
i=1
(si − s˜i)σi(p)⊗ σD(p)−β||2
< exp
(
−(v1/β/β)((1− κ)||σD||−2SˆD/n(n−1) − η1 − η2)
)
. (2.2)
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By considering a suitable unitary transformation u = (ui,j) ∈ U(h(l, m, β)), we can
write as
∑h(l,m,β)
i=1 (si− s˜i)σi(p) = (
∑h(l,m,β)
i,j=1 ui,j(si− s˜i))σ˜(p) for some holomorphic section
σ˜ ∈ H0(K−lX ⊗ Lm+βX ) such that σ˜(p) 6= 0 and have∣∣∣∣∣∣
h(l,m,β)∑
i,j=1
ui,j(si − s˜i)
∣∣∣∣∣∣
2
<
exp
(
−(v1/β/β)((1− κ)||σD||−2SˆD/n(n−1) − η1 − η2)
)
τ 2||σ˜ ⊗ σ−βD (p)||2
. (2.3)
Then, we have the following estimate∫
∂Θ(t) ∧ ∂Θ(t)dµ(s) = exp
(
O
(
−||σD||−2SˆD/n(n−1)
))
.
Next, we consider the term ∫
∂Gβv (βbs) ∧ ∂Gβv (βbs)dµ(s)
which appears in ω. From the inequality (2.1), we have
v−1/ββbs ≈ Gβv (βbs) < (1− κ)Θ(t) + η1 + η2.
Thus, the following inequality
||σs||−2 < exp
(
(v1/β/β)((1− κ)||σD||−2SˆD/n(n−1) + η1 + η2)
)
holds. Thus, we can estimate as follows∫
∂Gβv (βbs) ∧ ∂Gβv (βbs)dµ(s)
≤ exp (2v1/β(η1 + η2)/β) /τ 2||σ˜ ⊗ σ−βD ||2. (2.4)
By the definition of ω, we obtain
ω ≈
(
1− exp
(
−||σD||−2SˆD/n(n−1)
))
ω0 +O(||σD||2β)
near D.
Proof of Theorem 1.7. Lemma 2.1 implies that the complete Ka¨hler manifold (X\D,ω)
is of asymptotically conical geometry. Thus, we will prove that the scalar curvature can
be made small arbitrarily. To show this, we take parameters c, v, τ so that
v1/βc = k log c, τ 2 = v, β > δ (2.5)
for a sufficiently large k ∈ N specified later.
Firstly, from the construction of ω, weight norms of S(ω) away from D ∪ F0 can be
made small arbitrarily by taking sufficiently small τ . To show this, we study a function
f : τ → ωn/ωnF0. Note that this function is smooth and f(0) = 1 and ωF0 is Ricci-flat
away from D ∪ F0. So, we have S(ω) = O(τ) away from D ∪ F0.
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Secondly, we study S(ω) near F0 and away from D. We can write as
ω =
∫ (√−1∂∂Mc,v,η) dµ,
where
Mc,v,η =
∂Mc,v,η
∂t2
(γβv + κω0) +
∂Mc,v,η
∂t3
√−1∂∂(t + ϕ)
+
[
∂G˜βv (bs) ∂(t + ϕ)
] [ ∂2Mc,v,η
∂ti∂tj
] [
∂G˜βv (bs) ∂(t+ ϕ)
]t
.
On this region, we consider a sufficiently small neighborhood of F0 by taking a sufficiently
large parameter c. So, it is enough to consider the region defined by the following inequality
Gβv (bs) + κΘ(t)− η2 > max{Θ(t) + η1, t+ ϕ+ c+ η3}.
In addition, since we are considering the region away from D, by taking a sufficiently
large parameter c, the inequality above can be rewritten as follows :
Gβv (bs) + κΘ(t)− (t+ ϕ+ c) > η2 + η3. (2.6)
So, we have
|
h(l,m,β)∑
i
si|2 < exp
(−(v1/β/β)(t+ ϕ+ c− κΘ(t) + η2 + η3)) /τ 2 = O(cβ−1).
Recall the definition of γβv in [2] and the relation of the parameters c, v :
cv1/β = k log c
So, the inequality above (2.6) implies that
||σFs||2 ≤ vk/β.
Thus, we don’t have to consider the case that S(ωF ) = O(1) and we have
ω =
∫
γβv dµ(s) + κω0 ≈ v−1/β
√−1∂∂b+ κω0. (2.7)
by taking a sufficiently large c. Since the Ricci form of
√−1∂∂(Gβv (βb0)+κΘ(t)) is bounded
near F0 and away from D, we can conclude that S(ω) = O(v
1/β).
Thirdly, we study S(ω) near D. Write
ω = ω0 +
√−1∂∂ψ.
By taking the trace with respect to the background metric ω0, we have
∆ω0ψ = trω0ω − n.
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To estimate
S(ω) = S(ω0 +
√−1∂∂ψ),
we study the right hand side in the equation above. Recall the construction of the complete
Ka¨hler metric ωFs. The bounded region where plurisubharmonic functions Θ(t), t+ ϕ+ c
are glued is defined by following inequalities:
G˜βv (bs) + η2 < max{Θ(t)− η1, (t+ ϕ+ c)− η3},
|Θ(t)− (t+ ϕ+ c)| < η1 + η3.
In addition, ωFs is written as
ωF0 =
∂Mc,v,η
∂t1
ω0 +
∂Mc,v,η
∂t3
√−1∂∂(t+ ϕ)
+
[
∂Θ(t) ∂(t + ϕ)
] [ ∂2Mc,v,η
∂ti∂tj
] [
∂Θ(t) ∂(t + ϕ)
]t
.
Recall that η1 + η3 = O(c). So, the inequality
|Θ(t)− (t+ ϕ+ c)| < η1 + η3
implies the following equivalence between complete Ka¨hler metrics:
∂Mc,v,η
∂t1
ω0 < ωFs < 2ω0
on the region above. Next, we consider the region contained in the other region defined
by
v−1/ββbs ≈ Gβv (βbs) > (1− κ)Θ(t)− η1 − η2
In order to estimate trω0ω − n, it is enough to estimate the following terms
c−1
∫
∂Θ(t) ∧ ∂Θ(t)dµ(s), c−1
∫
∂Gβv (βbs) ∧ ∂Gβv (βbs)dµ(s).
Since c ≤ Θ(t) on this region, the first term can be estimated as follows
c−1||σD||−4SˆD/n(n−1) exp
(
−v1/β(1− κ)||σD||−2SˆD/n(n−1)/β
)
/τ 2||σ˜ ⊗ σ−βD ||2
= O(c1−(1−κ)k/β−n(n−1)β/SˆD+β(log c)β)
for parameters τ 2 = v, cv1/β = k log c. From the estimate (2.4), the second term can be
estimated as follows
c−1
∫
∂Gβv (βbs) ∧ ∂Gβv (βbs)dµ(s)
≤ exp (2v1/β(η1 + η2)/β) /τ 2||σ˜ ⊗ σ−βD ||2
≤ O(c−1+2(a1+a2)k/β+β−n(n−1)β/SˆD)
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Recall the relation between parameters (see Claim 2 in Section 4 of [2]) :
1− κ+ κa1 − a2 = 0.
Since the choice of ai ∈ (0, 1) is independent of β, k, we can choose sufficiently small ai
and κ which is sufficiently close to 1. Thus, we can make the following terms :
1− (1− κ)k/β − n(n− 1)β/SˆD + β
−1 + 2(a1 + a2)k/β + β − n(n− 1)β/SˆD
negative by taking sufficiently large β and k. Thus, we can estimate ∆ω0ψ = trω0ω − n
near D. From the equivalence (2.7), we obtain the following estimate near F0 and away
from D :
trω0ω − n = O(v−1/β).
For any weight ǫ ∈ (4, 2n), we have the following inequality
∆ω0C˜ρ
−ǫ+2 < −Cρ−ǫ < ∆ω0v1/βψ < Cρ−ǫ < −∆ω0C˜ρ−ǫ+2
onX\D for some constants C, C˜ > 0 depending only on ǫ and n. Here ρ = ||σD||−SˆD/n(n−1)
is the barrier function defined in Section 5 of [1] (see [5]). Thus, the maximum principle
tells us that there is the following C0ǫ−4-estimate of ψ :
||ψ||C0ǫ−4 ≤ Cv−1/β. (2.8)
Recall the linearization of the scalar curvature operator
S(ω) = S(ω0) + Lω0(ψ) +Qω0(ψ). (2.9)
In addition, the term Qω0(ψ) can be written as
Qω0(ψ) = (Lω0+s
√−1∂∂ψ − Lω0)(ψ)
for some s ∈ [0, 1] (see [11] or [1]). Choose
ǫ > δ + 2.
In this case, we can consider that c ≤ Θ(t) ≈ r2.
Recall the interior Schauder estimate :
||ψ||C4,αǫ−4 ≤ C(ω0)(||trω0ω − n||C2,αǫ−2 + ||ψ||C0ǫ−4).
Here, C(ω0) is a positive constant depending only on ω0. The previous estimate (2.8)
implies that ||ψ||C4,αǫ−4 = O(v
−1/β). Then, the equality (2.9) implies that the norm of scalar
curvature of weight δ is estimated from above by c(δ−ǫ)/2+1(log c)−1. In these settings of
parameters, we show finally that the scalar curvature on the region defined by
t+ ϕ+ c− η3 > max{Θ(t) + η1, G˜βv (bs) + η2}
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can be estimated in the sense of weighted norms. It follows from the first discussion that
S(ω) = O(τ) on the region above. Then, we have
S(ω) = O (τ) = O
(
c−β/2(k log c)β/2
)
.
Recall that Θ(t) ≈ r2 ≈ c on this region. So, we can estimate the Ck,α-norm of the
function S(ω)(r2 + 1)δ/2 ≈ S(ω)cδ/2 in the definition of the weighted norm (see [1]) on
this region. More precisely, the choice of β :
β > δ
implies that we can estimate the δ-weighted norm of the scalar curvature S(ω) on the
region above. Therefore, from the discussion above, we can conclude that the weight
norm of S(ωc,v,η) can be made small arbitrarily by taking a sufficiently large parameter
c (equivalently, sufficiently small parameters v, τ). In addition, from the linearization of
scalar curvatures, the scalar curvature S(ω) decays just like S(ω0). Thus, we finish the
proof of Theorem 1.7. 
Remark 2.2. If θD is cscK, Theorem 1.1 implies that we have
S(ω) = O(||σD||2+2SˆD/n(n−1)) = O(r−2−2n(n−1)/SˆD)
near D (see [1]).
Remark 2.3. Recall that we choose a parameter v > 0 so that the inequality (||σF ||2β +
v)2/β < ||σF ||4am/l holds on the region defined by
Θ(t) + η1 < max{G˜βv (b)− η2, (t+ ϕ+ c)− η3},
|G˜βv (b)− (t+ ϕ+ c)| < η2 + η3
in [2]. Note that Gβv (βb) ≈ βv−1/βb for sufficiently large b > 0. The choice of parameters
cv1/β = k log c in the previous theorem implies that we have ||σF ||−2β ≈ vk. Therefore,
we can choose a suitable parameter v > 0 so that (||σF ||2β + v)2/β < ||σF ||4am/l without
contradiction (see Remark 2.5 in [2]).
3 Proof of Theorem 1.8
After this, all weighted Banach spaces Ck,αδ = C
k,α
δ (X \D) are defined by the fixed Ka¨hler
metric ω0. In Theorem 1.8, we assume that
0 < 3SˆD < n(n− 1)
and we choose a weight δ so that
8 < δ < min{2n, 2 + 2n(n− 1)/SˆD}. (3.1)
In addition, we may assume that the integer a(n) in Theorem 1.6 satisfies
12/a(n) < δ − 8 < min{2n− 8, 2n(n− 1)/SˆD − 6}.
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3.1 Condition 1.2 and Condition 1.3
In this subsection, we show that Condition 1.2 and Condition 1.3 (see Introduction of this
paper or [1]) hold with respect to the complete Ka¨hler metric ω obtained in the previous
section.
In order to find the constant Kˆ in Condition 1.2, we use the resonance theorem (see
[14, p.69]).
Theorem 3.1 (the resonance theorem). Let {Ta | a ∈ A} be a family of bounded linear op-
erators defined on a Banach space X into a normed linear space Y. Then, the boundedness
of {||Tax|| | a ∈ A} for each x ∈ X implies the boundedness of {||Ta|| | a ∈ A}.
Then, we obtain the following theorem which is the core of this paper :
Theorem 3.2. Take parameters c, v, τ so that v1/βc = k log c, τ 2 = v. Assume that there
is no nonzero holomorphic vector field on X which vanishes on D. Then, there exists an
uniform constant K > 0 such that
||D∗ωDωφ||C0,αδ ≥ K||φ||C4,αδ−4
for any c, v, η, τ and φ ∈ C4,αδ−4.
Proof. We prove this theorem by using Theorem 3.1. So, for a fixed function φ ∈ C4,αδ−4, it
is enough to show that the quantity
||φ||C4,α
δ−4
||D∗ωDωφ||C0,α
δ
has an upper bound depending only on φ. We prove this by contradiction. Assume that
there exists a sequence (τ, v, c)→ (0, 0,∞) such that ||D∗ωDωφ||C0,αδ → 0 for some φ ∈ C
4,α
δ−4
with ||φ||C4,αδ−4 = 1. By integration by parts, we have∫
X\D
φD∗ωDωφωn =
∫
X\D
|Dωφ|2ωn.
Recall that Dω → D√−1∂∂(t+ϕ) as (τ, v, c)→ (0, 0.∞). We show that∫
X\D
φD∗ωDωφωn → 0
as (τ, v, c)→ (0, 0,∞). To see this, we study the volume of the subset ∪s∈Dh(l,m+1)Fs. For
p ∈ X \D close to F0, we can find s ∈ Dh(l,m+1) such that σs(p) = 0. So, we have
||σ0(p)|| ≤ ||σi(p)||+ τ ||
∑
i
siσi(p)|| ≤ Cτ.
On the other hand, ω < v−1/β
√−1∂∂b0 near F0. Thus, we have∫
∪
s∈Dh(l,m+β)
Fs
ωn = O(τ 2v−n/β) = O(v1−n/β).
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It follows from the choice of v > 0 in this theorem that the desired convergence above
holds as (τ, v, c)→ (0, 0,∞) by taking sufficiently large β. Then, we obtain a holomorphic
vector field
∇1,0φ = gi,j ∂φ
∂zj
∂
∂zi
on X \ (D ∪ F0). Here, we write
√−1∂∂(t + ϕ) = √−1gi,jdzi ∧ dzj . It follows from the
definitions of φ and gi,j that ∇1,0φ can be extended to X . The decay condition of φ and
the assumption of holomorphic vector fields on X imply that φ = 0. This is contradiction
and the resonance theorem (Theorem 3.1) implies that the inverse operator D∗ωD−1ω has
an uniform bound.
Recall the following relation
Lω = −D∗ωDω + (∇1,0∗,∇0,1S(ω))ω.
Thus, Theorem 1.7 and Theorem 3.2 imply that Condition 1.2 holds with respect to ω.
Theorem 3.3. Take parameters so that v1/βc = k log c and τ 2 = v. Assume that θD is
cscK and D∗ωDω : C4,αδ−4 → C0,αδ is isomorphic. Then, we can make the norm of the linear
operator (∇1,0∗,∇0,1S(ω))ω = Lω + D∗ωDω small arbitrarily so that Lω : C4,αδ−4 → C0,αδ is
isomorphic. Moreover, we can find a constant Kˆ > 0 such that
||Lωφ||C0,αδ ≥ Kˆ||φ||C4,αδ−4
for any c, v, τ, φ ∈ C4,αδ−4.
We need the following lemma:
Lemma 3.4. Assume that n ≥ 5 and
3SˆD < n(n− 1).
Then, for δ > 8, there exists c0 > 0 independent of ω such that if ||φ||C4,αδ−4(X\D) ≤ c0, we
have
||Lωφ − Lω||C4,α
δ−4→C0,αδ ≤ Kˆ/2
and ωφ = ω +
√−1∂∂φ is positive.
Proof. For ψ ∈ C4,αδ−4, the following inequality holds:
||(r2 + 1)δ/2(gi,jφ gk,lφ − gi,jgk,l)ψi,j,k,l||C0,α
≤ ||(r2 + 1)4/2(gi,jφ gk,lφ − gi,jgk,l)||C0,α||ψ||C4,αδ−4(X\D)
= ||(r2 + 1)4/2(gi,jφ (gk,lφ − gk,l) + (gi,jφ − gi,j)gk,l)||C0,α||ψ||C4,α
δ−4(X\D).
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In addition, we have the following equation:
g−1φ − g−1 = g−1φ (g − gφ)g−1 (3.2)
for φ ∈ C4,αδ−4 such that ωφ = ω +
√−1∂∂φ is positive.
It is enough to study the region where Mc,v,η = t + ϕ + c. The C
2-estimate of the
degenerate complex Monge-Ampe`re equation tells us that
gi,j = O(||σD||−2m/l) = O(r2m/l×n(n−1)/SˆD). (3.3)
Since we have already known the explicit C2,ǫ-estimate of the solution of the degenerate
complex Monge-Ampe`re equation from [2], we can estimate the C0,α-norm of coefficients
gi,j, gi,jφ . The hypothesis
a(n)m
2l
<
SˆD
n(n− 1)
implies that 4+3×2m/l×n(n−1)/SˆD− (δ−4) < 8+12/a(n)− δ < 0. So, the equation
(3.2) and the estimate (3.3) implies that the term
||(r2 + 1)4/2(gi,jφ (gk,lφ − gk,l) + (gi,jφ − gi,j)gk,l)||C0,α
is estimated form above by 2c0. By taking a sufficiently small c0, we can make the operator
norm of Lωφ − Lω small arbitrarily. Thus, we have the desired result.
Remark 3.5. The reason why we replace the hypothesis for weights of Banach spaces in
the above lemma comes from the C2-estimate of the solution of the degenerate complex
Monge-Ampe`re equation due to Paˇun [10]. From this, the positivity of ωφ holds. On the
other hand, we need to assume that δ − 4 > 4 to control the factor (r2 + 1)4/2. So, the
choice of a weight δ implies that we need to assume that the dimension n is greater than
4 and SˆD/n(n− 1) is smaller than 1/3. In addition, since we need to choose ǫ > δ + 2 in
the proof of Theorem 1.7, we need to assume that n > 5.
Constants Kˆ and c0 which appear in Theorem 3.3 and Lemma 3.4 respectively, are
uniform for parameters c, v, τ . Therefore, Theorem 1.7 implies that Condition 1.3 holds
with respect to ω.
Theorem 3.6. For the complete Ka¨hler metric ω above, the inequality
||S(ω)||C0,α
δ
≤ c0Kˆ/2
holds by taking suitable parameters v, c, τ .
3.2 The fixed point theorem
Finally, we show that the existence of a complete scalar-flat Ka¨hler metric on X \ D.
Following Arezzo-Pacard [3], [4], for the expansion of the scalar curvature
S(ω +
√−1∂∂φ) = S(ω) + Lω(φ) +Qω(φ),
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we consider the following operator
N (φ) := −L−1ω (S(ω) +Qω(φ)) ∈ C4,αδ−4
for φ ∈ C4,αδ−4 by following Arezzo-Pacard [3], [4] (see also [11]). Lemma 3.4 implies that N
is the contraction map on the neighborhood of the origin of C4,αδ−4 for a suitable weight δ. In
[1], we assume that Condition 1.2 and Condition 1.3 hold. Namely, we assume that there
exists a complete Ka¨hler metric ω0 whose scalar curvature is sufficiently small so that the
operator Lω0 has the uniformly bounded inverse. As we have seen, by constructing the
Ka¨hler metric ω, Theorem 3.3 and Theorem 3.6 imply that we don’t have to assume that
Condition 1.2 and Condition 1.3 hold. The following Proposition implies the existence of
a complete scalar-flat Ka¨hler metric.
Proposition 3.7. Set
U :=
{
φ ∈ C4,αδ−4 : ||φ||C4,αδ−4 ≤ c0
}
.
If the assumption in Theorem 1.8 holds, the operator N is a contraction on U and N (U) ⊂
U by taking suitable parameters c, v, τ .
Proof. Immediately, we have
||N (φ)||C4,α
δ−4
≤ ||N (φ)−N (0)||C4,α
δ−4
+ ||N (0)||C4,α
δ−4
.
From Lemma 3.4 and the condition ||φ||C4,α
δ−4
≤ c0, the same argument in the proof in [1]
implies that we obtain the following estimate ;
||N (φ)−N (0)||C4,α
δ−4
≤ || − L−1ω (Qω(φ))||C4,α
δ−4
≤ Kˆ−1||Lω+s√−1∂∂φ − Lω||C4,αδ−4→C0,αδ ||φ||C4,αδ−4
for some s ∈ [0, 1]. Lemma 3.4 implies that we have
||N (φ)−N (0)||C4,α
δ−4
≤ 1
2
c0
Theorem 3.3 and Theorem 3.6 implies that we have
||N (0)||C4,α
δ−4
= ||L−1ω (S(ω))||C4,α
δ−4
≤ Kˆ−1||S(ω)||C0,α
δ
≤ 1
2
c0.
Thus, N (φ) ∈ U .
Proof of Theorem 1.8. From the discussion above, there exists a unique φ∞ :=
limi→∞N i(φ) for any φ ∈ U ⊂ C4,αδ−4 satisfying φ∞ = N (φ∞) under the hypothesis in
Theorem 1.8. Therefore, ω+
√−1∂∂φ∞ is a complete scalar-flat Ka¨hler metric on X \D.

Complete scalar-flat Ka¨hler metrics on affine algebraic manifolds 17
References
[1] T. Aoi, Toward a construction of scalar-flat Ka¨hler metrics on affine algebraic mani-
folds, arxiv 1907.09780.
[2] T. Aoi, Almost scalar-flat Ka¨hler metrics on affine algebraic manifolds, arxiv
1908.05583.
[3] C. Arezzo and F. Pacard, Blowing up and desingularizing constant scalar curvature
Ka¨hler manifolds, Acta Math. 196 (2006), no. 2, 179–228.
[4] C. Arezzo and F. Pacard, Blowing up Ka¨hler manifolds with constant scalar curvature
II, Ann. of Math. (2) 170 (2009), no. 2, 685–738.
[5] S. Bando and R. Kobayashi, Ricci-flat Ka¨hler metrics on affine algebraic manifolds.
II, Math. Ann. 287 (1990), 175–180.
[6] E. Calabi, Me´triques Ka¨hleriennes et fibre´s holomorphes, Ann. Sci. E´cole Norm. Sup.
(4) 12 (1979), no. 2, 269–294.
[7] J.-P. Demailly. Complex analytic and differential geometry, online book available at
http://www-fourier.ujf-grenoble.fr/∼demailly/manuscripts/agbook.pdf.
[8] A. D. Hwang and M. A. Singer, A momentum construction for circle-invariant Ka¨hler
metrics, Trans. Amer. Math. Soc. 354 (2002), no. 6, 2285–2325.
[9] S. Ko lodziej, The complex Monge-Ampe`re equation, Acta Math. 180 (1998), 69–117.
[10] M. Paˇun, Regularity properties of the degenerate Monge-Ampe`re equations on com-
pact Ka¨hler manifolds, Chin. Ann. Math. Ser. B. 29 (2008), 623–630.
[11] G. Sze´kelyhidi, Introduction to Extremal Ka¨hler metrics, Graduate Studies in Math-
ematics, vol. 152, Amer. Math. Soc, Providence, Rhode Island, 2014.
[12] G. Tian and S. T. Yau, Complete Ka¨hler manifolds with zero Ricci curvature. II,
Invent. Math. 106 (1991), no. 1, 27–60.
[13] S. T. Yau, On the Ricci curvature of a compact Ka¨hler manifold and the complex
Monge-Ampe`re equations, I, Comm. Pure Appl. Math. 31 (1978), 339–411.
[14] K. Yosida, Functional analysis, Springer-Verlag, Second Edition, 1968.
Department of Mathematics
Graduate School of Science
Osaka University
Toyonaka 560-0043
Japan
E-mail address: t-aoi@cr.math.sci.osaka-u.ac.jp
